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In three-dimensional physical space, most of the results that are known today are restricted to sets of tensors up to second-order. In this publication we extend these result to the case of isotropic polynomial functions of a completely symmetric third-order tensor. This result is a first step towards a generalization of classical results to include third and higher-order tensors.
The motivation towards such a generalization is based on, at least, three physical needs:
1. To model non-linear constitutive relations for higher-order continua 10, 14, 23, 28, 38 . The isotropic hyper-elastic strain-gradient elasticity, for example, need to be supplemented by a non-linear constitutive relation between the hyper-stress tensor and the strain gradient tensor, both of them of third-order 28 ;
2. To describe behaviors for anisotropic materials described by third-order structural tensors 5, 27, 41 . To take anisotropy into account in the formulation of non-linear laws, the argument of the isotropic behavior is supplemented by some structural tensors, i.e.
tensors that describe the material anisotropy. And, indeed, some material symmetry classes are described by higher-order structural tensors.
To identify the symmetry properties of a linear constitutive law experimentally identi-
fied in a non-optimal basis 7 . Expressed in a generic basis, it is difficult to identity the symmetry class of a linear operator, and to determine one of its optimal basis or representation. As studied, in a special case, for the elasticity tensor by Auffray et al. 1 the study of polynomial relations between the elementary invariants of the tensor provide important information. To be extended to other behaviors, such as the piezoelectricity tensor (which is a third-order tensor), the first step is to know a set of elementary invariants of that object.
In the present paper, as a first step towards this goal, an integrity basis for isotropic polynomial functions of a completely symmetric third-order tensor is provided. The real vector space of these tensors will be denoted T (ijk) , the notation (..) indicates invariance under permutation of the indices in parentheses. This tensor space can be decomposed into a space of traceless completely symmetric third-order tensors (H 3 ) and a space of vectors (H 1 ).
Contrary to T (ijk) both H 3 and H 1 are O(3)-irreducible spaces 22, 36 . Hence, the integrity basis for isotropic polynomial functions for the space T (ijk) is equivalent to the integrity basis for isotropic polynomial functions for the space H 3 ⊕ H 1 . To make this paper as self-contained as possible, and to precisely state our result, some definitions need to be introduced.
B. Some prior definitions
An isotropic scalar-valued invariant function W is formally defined by the property
in which the natural action of O(3) on T (ijk) is denoted by ⋆ and defined by:
Two tensors T 1 and T 2 are said to be O(3)-related, and denoted T 1 ≈ T 2 , if there exists
The set of all vectors T ∈ T (ijk) which are related to T 1 by O(3) is called the O(3)-orbit of T 1 and is denoted by 
G-invariant functions of V is called a functional basis if
A functional basis is said to be irreducible if none of its elements can be expressed as a function of the others. It is worth noting that this definition does not preclude that some functional relations between generators exist. In the definition of a functional basis, basis invariants are not required to be polynomial. However for physical applications it is often more convenient to determine polynomial functional bases 5, 6 .
Before going any further, the two aforementioned definitions have to be discussed. While the former is centered on finding a generating system for the algebra of G-invariant polynomial functions, the latter is concerned with the determination of a separating system, i.e. on finding a set of (polynomial) functions that separates G-orbits of V elements. This distinction is important because, although the algebra of invariant polynomials separates the orbits, this set might be very large. As a consequence, an integrity basis is a functional basis, but the converse is generally false 7, 40 . Hence, the cardinal of a minimal integrity basis is generally greater than that of a functional basis. In mathematics, an irreducible functional basis is called a separating set 11 , but if their conciseness is appealing, no general algorithm currently exists to produce them. Let us now do a quick review on the state-of-the-art in invariant functions modeling in continuum mechanics.
C. State-of-the-art in applied invariant theory Let us now briefly draw the big picture of the approach used to determine an integrity basis for T (ijk) .
D. Technical construction
There exists a deep link between the SO(3)-action 47 on harmonic tensors and the SL(2, C)- According to a mathematical point of view, this is essentially an algebraical geometric method that relies on the subtle notion of system of parameters of an algebra 37 . It appears that this notion is not an effective one: up to our knowledge, there is no general algorithm to decide whether a set of variables is a system of parameters or not. Instead we decide to use a nineteenth century algorithm first given by Gordan in 1868 18 . This approach leads to the constructive theorem IV.2 used in the present paper.
II. RESULTS
In this section our main results are summed-up, and proofs postponed to the next sections.
First let us consider the result obtained by Bao and Smith 33 . Their result will be given using the diagrammatic representation already used by Boehler et al. 7 .
Theorem II. 
III. MATHEMATICAL FRAMEWORK A. O(3)-tensor spaces
The space T (ijk) is endowed with the natural O(3)-action given by I.2:
More generally, this action, sometimes referred to as the Rayleigh action, can be defined on any kth-order tensor space T. A subspace F ⊆ T is said to be O(3)-stable provided g · F ⊆ F for every g ∈ O(3). 
B. SU(2)-spaces of binary forms
In this subsection the important link between the SU(2)-space of binary forms and the SO(3)-space of harmonic tensors will be pointed out. Through this correspondence it is possible to find polynomial invariants using classical invariant theory 19 . Most of the classical results presented in this subsection are borrowed from the classcial monograph of Sternberg 36 .
Let us first consider the classical group morphism
which kernel is {±id}. Now, let S 2k be the space of 2kth-degree binary forms over C 2 , meaning the C-vector space of f given by
SU(2) has a natural irreducible action on the space S 2k , which is:
Another important result states 53 that there exists an isomorphism
C. Polynomial invariants on tensor spaces
Let T be a stable O(3)-tensor space and C[T] the algebra of polynomials in T. Now consider the following two invariant algebras
the first being the algebra of isotropic polynomials, while the second is the one of hemitropic polynomials. These algebras satisfy the following obvious inclusion:
As a graded algebra, A s can be decomposed into ith-degree homogeneous polynomials:
A is exactly the even part of A s ; that is
Proof. It has to be observed that if p is a jth-degree homogeneous polynomial in A, then
for all g ∈ SO(3) and T ∈ T. This implies our lemma.
This lemma allows to consider the algebra of SO(3)-invariant polynomials on tensor spaces.
Due to the isomorphism ψ of III.1, this amount to consider the algebra of SU (2) is isomorphic to the algebra of SU (2)-invariant polynomials on the C-vector space S 6 ⊕ S 2 .
As noted by Boehler et al. 7 , the algebra of SO(3)-invariant polynomials on the real vector space H 3 ⊕H 1 is isomorphic to the algebra of SL(2, C)-invariant 54 polynomials on the complex vector space S 6 ⊕ S 2 ; that is
Let us consider the space V := S 6 ⊕ S 2 of binary forms. In the monograph of Sturmfels 37 , some important and classical results about R := C[V ] SL(2,C) can be found. These results provide important information to check whether a candidate basis of invariants generates or not the sought invariant algebra.
1. As a graded algebra, R can be decomposed
where each homogeneous space R i is a finite C-vector space. Let us consider the formal 
With the help of these results integrity bases can now be determined.
IV. INTEGRITY BASIS
A. Integrity basis for S 6 ⊕ S 2
For binary forms, a classical way to construct covariants is to use the transvectant
Definition IV.1. Let f and g be two binary forms of respective order m and n. We define the rth-order transvectant of f and g to be the binary form:
As a first example, for a quadratic form u ∈ S 2 given by
which is a classical invariant. And for a cubic form g ∈ S 3 given by
we get a quadratic covariant:
Such a covariant is said to be of degree 2 (in the coefficients b i ) and of order 2 (in the variables x, y). This definition of degree and order is general: the degree of a covariant is the degree of the coefficients, while the order concerns the degree of the variables. Hence a 0th-order covariant is an invariant. The next computations will be made using the covariant basis for a sextic form given in The following result 19,29 is used to determine a finite generating set of invariants for the algebra R:
Theorem IV.2. If {h 1 , · · · , h s } is a covariant basis for S n , and if u is a quadratic form, then irreducible invariants of S n ⊕ S 2 are taken from one of this set:
• {h i h j , u r } 2r where h i is of order 2p + 1 and h j is of order 2r − 2p − 1.
It should be noted that the obtained generating set need not be irreducible. Hence, invariants can be obtained, degree per degree:
• Degree 2:
• Degree 4:
• Degree 6:
• Degree 7:
• Degree 8:
• Degree 9:
• Degree 10:
• Degree 11: 
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